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Abstract—In this paper, we present a design method for a
> A-based closed loop gyroscope. The design is based on the
equivalence between electro-mechanical XA noise transfer func-
tion and the noise transfer function of conventional electrical Y A.
The method is applied to a fourth-order electro-mechanical >A
containing the gyroscope and a second order electrical filter. The
noise and signal transfer functions as well as the stability of the
designed electro-mechanical XA are analyzed. Simulation results
of the closed loop >XA-based gyroscope measuring the signal-
to-noise ratio are given and compared with the corresponding
electrical modulator.

I. INTRODUCTION

Micro-machined gyroscopes for measuring rate or angle of
rotation have attracted a lot of attention during the past few
years for several applications. They can be used as a low-cost
miniature companion with micro-machined accelerometers to
provide heading information for inertial navigation purposes,
for ride stabilization and rollover detection in automotive
applications; in some consumer electronic applications, such
as video-camera stabilization. Conventional rotating wheel as
well as precision fiber-optic and ring laser gyroscopes are
all too expensive and too large for use in most emerging
applications. Micro-machining can shrink the sensor size by
orders of magnitude, reduce the fabrication cost significantly,
and allow the electronics to be integrated on the same silicon
chip.

Embedding the gyroscope in a closed loop architecture
achieves relatively larger bandwidth especially with high Q
resonators, improves its linearity and its dynamic range.
Different solutions have been suggested in the literature for
gyroscope closed loop architecture, [1]-[5] only the first one
is an all digital control loop and the rest are electro-mechanical
3A loops. Setting up the control loop as a XA modulator is
convenient in conversion of input force to digital reading with
high resolution; this eliminates the need of a separate high
resolution ADC.

Fig. 1 shows a closed loop architecture implemented as an
electro-mechanical XA modulator. The gyroscope modeled
as a second order resonator is embedded in the loop filter
of the modulator and the electrical filter can be simply a
lead compensation, this forms a second order modulator. The
second order electro-mechanical XA has a limited resolution,
a higher order ¥A modulator is needed for higher resolution
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Fig. 1. Electro-Mechanical ¥A Modulator

[6]. This can be done by including additional electrical filters
in the loop.

Stabilizing the electro-mechanical ¥ A modulator is a chal-
lenge compared to an electrical one; modeling the gyroscope
as a second order system, we have only access to the resonator
output. The output of the first integrator is not accessible and a
phase-lag is introduced in the loop [7] and a zero is missed to
compensate the loop. In [6], the authors suggest the addition of
a lead compensation and in [7], the authors suggest replacing
the front-side resonator stage of an electrical XA modulator
with the mechanical sensor in such a way that the output of
the first integrator is not needed.

In this work, a design method for a high order electro-
mechanical YA is presented. The design is based on equiv-
alence between the loop filter of typical electrical ¥A mod-
ulator and the loop of filter of the electro-mechanical A
modulator applying the procedure in [8] focusing on the
coefficients calculation of the electrical filter. The proposed
design method achieves a good performance in terms of
stability and quantization noise shaping. A design example
is presented based on a fourth order feedforward architecture
using linear models and verified by transient simulations.

The paper is organized as follows. In Section II, we present
the methodology of designing a closed loop solution for
gyroscope using an electro-mechanical ¥ A. In Section III,
we present a design example of a fourth order modulator and
its simulations results and we finally end with conclusion in
Section IV.

II. CLOSED LoOP DESIGN

A. A Discrete Time Quasi-Linear Loop Model

The design process of closed loop solution using electro-
mechanical YA architecture is done in the discrete time
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Fig. 2. Quasi linear model of the modulator
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Fig. 3. Discrete Time Quasi-Linear Loop Model

domain using a quasi-linear model of the loop. This model
is used in the next section while designing the electrical
filter. Linearizing all functions in the loop is done around
the rest position (zero input); these functions are the voltage-
to-force linearized to ky,p ignoring non-linearities in the
actuators, displacement-to-capacitance linearized to k x,c and
capacitance-to-voltage linearized to k1, assuming linear con-
version in both. The comparator is replaced by a variable gain
k4 and additive white noise ()N (z) modeling the quantization
noise [9]. The mechanical resonator is modeled by

1/(mw?
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where m is the mass, @ is the quality factor and (wo/27) is
the resonance frequency. And the zero order hold (ZOH) in
the feedback is modeled by
_e—5Ts
Hzou(s) = ) @

where T is the sampling period.

Fig. 1 shows the electro-mechanical A loop block diagram
and Fig. 2 shows its quasi-linear model. In Fig. 2, the
continuous time signal path is broken up from the discrete
time signal path, this is used while studying the noise transfer
function NT'F and the signal transfer function ST'F. From
Fig. 2, we can define H.(s) as
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By applying the z-transform, we can define H,(z) as the
discrete-time transfer function of the output signal OUT(z)
to the sampled C/V output U (z)

Hq(2) = goty = 2 {He(s)}
= kd (z (Z_Zm) (4)
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Fig. 4. Electrical XA 4th order feedforward modulator

where the discrete time complex poles (p,, and p,,*) are
located at wp /27, the discrete-time zero z,, is mapped from
the ZOH,while kg4 is a gain coefficient and it is a function of
k. and the sampling frequency fs. Fig. 3 shows the discrete-
time quasi-linear loop model with continuous time signal path
of the input signal.
Using the model in Fig. 3, the output (OUT(z)) is found
to be
OUT(2) = t8EEL IN(s) + T9em QN () ()
where
M(S) = kX/CkC/VHres(S) (6)
LG(2) = Ha(2)H.(2)

then consequently NT'F' and STF' of the electro-mechanical
YA modulator (NT'F.,, and ST F,,) are obtained as follow-
ing

NTFon(2) = 795575
ST Fom (jw) = P10 @

B. Coefficient Calculations of Electronic Filter

Using the method in [8], an equivalence between NT F',,
of (7) and a reference discrete-time NTF (NT'F,.;) of a
conventional integrator-based XA designed using [10] is done.
Assuming k, equal to one and using (7), we get

Hy(z)He(2) =1— 1

1 o 1
NTFon®) — 1~ NEo 0 8

Since it is not possible to modify the parameters of the
mechanical resonator, H,.s(s), and consequently H,(z) the
NTF equivalence is performed using the coefficients of the
discrete-time electrical filter H,(z).

IIT1. DESIGN EXAMPLE

Here, the design of a fourth order electro-mechanical XA
modulator is illustrated based on a conventional electrical
fourth order XA modulator built using a feedfoward topology
(Fig. 4). Utilizing [10], NT'F,.; is designed to locate one
of its complex pair zeros at the resonance frequency of the
mecanical zero, wg /2.

Same as (8), we can get

LGref(Z) =1- m
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Fig. 5. Fourth order Electro-Mechanical XA modulator based on a
feedforwad topology with a lead compensation for loop stabilization [6]

where LG,y is the reference loop gain transfer function,
K,cy is a gain coefficient, p,, and p), are poles located
at wo/2m, p. and p’ are additional poles added by the
electrical resonator and z,, z. and z; are zeros needed for
loop compensation. LG ..y is used in coefficients calculations
of the electro-mechanical loop gain transfer function LG ¢y,.

In this paper, [6] is taken as a reference design for im-
plementing a closed loop solution. The suggested electro-
mechanical XA, shown in Fig. 5, is a fourth order modulator
based on a feedforwad topology with a lead compensation for
loop stabilization. From Fig. 5, LG, is derived

(272'":.) L2«
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(22=(2—g2)z+1)
Equivalence between LG ..y and LG, is done by equating
numerators and denominators of both. Since we are using
single feedback architecture, mismatch between K,.r and
K., is not important as it is compensated by the comparator
in the loop. Ignoring the mechanical zero z,, and the pole at

the origin for the moment one can obtain

92 = 2(1 — Re(pe))

LGem =
(10)

o=z
as =1 (11)
az = — |z.|> + as

as = —2Re(z.) — (a2(g2 — 2) + a3)

TABLE 1
LooP PARAMETERS AND COEFFICIENTS OF A FOURTH ORDER
ELECTRICAL XA MODULATOR AND ITS CORRESPONDING
ELECTRO-MECHANICAL XA MODULATOR

Electrical | Electro-Mechanical
fs 500 kHz
Q - led
wo /2T - 4 kHz
ay 0.4593 -
as 0.1527 1
as 0.0254 0.1333
as 0.0020 0.0267
g1 0.0023 -
g2 0.0025 0.0025
«a - 0.8659
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Fig. 8.  Signal transfer function of electrical modulator versus electro-
mechanical

These calculated coefficients are used while studying the
stability of the loop and the performance of the designed
modulator. Table I lists the loop parameters and coefficients of
a conventional feedforward modulator given by [10] with the
coefficients of its corresponding electro-mechanical modulator
calculated using the proposed method.

A. Stability, NTF and STF

Studying the stability of the loop while varying &, the root
locus of the resulting Electro-Mechanical ¥A loop (Fig. 6)
shows stable operation of the closed loop solution based on the
calculated coefficients and with the presence of an extra pole
at the origin and the mechanical zero. This stable operation is
guaranteed for certain range of k,, this range is enough for a
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Fig. 9. Power spectral density of Electro-Mechanical XA with 200° /s input

large input stable range.

Using (7) and assuming k, equal to one, the NT'F.,, and
the STF of the electro-mechanical modulator (ST Fe,,) is
compared to NTF,.r and the STF,.; of the conventional
feedforward electrical modulator (Fig. 7-8). In the previous
calculations, an approximation is done by canceling the origin
pole and the mechanical zero. The impact of this approxima-
tion is the addition of phase lag in the loop which leads to a
reduction in its phase margin. This reduction causes peaking
in the NTF,,, as shown in Fig. 7, and it is translated in
a reduction in maximum input stable range of the electro-
mechanical modulator relative to an electrical one.

Fig. 8 shows a large bandwidth compared to an open loop
architecture with a high Q resonators, the signal band centerd
at 3.95kH z is flat. An important difference between ST F,,
and STF,.; is the second order filtering of the mechanical
resonator in the electro-mechanical modulator which acts as
an AAF (Anti-Aliasing Filter).

B. Simulations Results

In order to validate the loop design, a time domain model
of the electro-mechanical sigma delta is built and simulated
in Matlab. Table I contains the loop parameters used in
simulations. Fig. 9 shows the PSD of the modulator output
with an angular rate equal to 200°/s (-16 dBFS) is used as
an input to the loop. As expected from the root locus, a stable
operation of the loop is obtained and the quantization noise
shaping is the same as the calculated NT F.,, of the quasi-
linear model and the calculated signal to quantization noise
ratio (SQNR) is 127 dB for a 200 Hz bandwidth.

A valuable simulation is to test the input stable range of
the fourth-order electro-mechanical ¥A modulator and its
equivalent fourth-order electrical A modulator. Fig. 10 shows
the SNR versus the input amplitude of both modulators, the
electro-mechanical modulator has 4 dB lower input stable
range due to the peaking at the NTF.,, near f,/2.

IV. CONCLUSION

A design method for a XA-based closed loop gyroscope
is presented. The method is applied to a fourth-order electro-
mechanical XA containing the gyroscope and a second order
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Fig. 10. SNR vs input amplitude for the 4th order electro-mechanical XA
modulator and its equivalent 4th order electrical XA modulator.

electrical filter. First, loop coefficients are calculated using
the equivalence with a conventional electrical A modula-
tor. Next, loop stability is studied using quasi-linear model.
Finally the stable operation and the closed loop performance
is examined using time domain simulations. The electro-
mechanical modulator achieves high SQNR as conventional
electrical modulator and a comparable input stable range.
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